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PROBABILISTIC WELL-POSEDNESS FOR SUPERCRITICAL WAVE EQUATION ON 


CHENMIN SUN AND BO XIA 


Abstract. In this article, we follow the strategies, listed in |l7( and (T4ll . in dealing with supercritical 
cubic and quintic wave equations, we obtain that, the equation 

f (3^ - A)m + = 0, 3 < p < 5 

I (m, 3,t()|,=o = (uo,ui) eH^x 

is almost surely global well-posed in the sense of Burq and Tzvetkov (71 for any s 6 (^, 1). The key 
point here is that ^ is much smaller than the critical index | - for 3 < p < 5. 

1. Introduction 

In this article, we are going to construct solutions for the equation 

( (5? - A)u + \uf~^u = 0, 3 < p < 5 
( 1 - 1 ) \ 

[ {u, dtu)\t=o = (uq, ui)€W xW ^ 

where u is a real-valued function defined on x R(. Via a scaling argument, one can see that Scr - 
I - is a critical index in solving Equation (ll.ll) . It turns out that for s < Scr, Equation (II.II) is 
ill-posed, while for s > Scr, Equation (11.11) is well-posed (in the sense of Hardamard) only for certain 
range of s. More precisely, we have 

Theorem 1.1. The Cauchy problem (fO is locally well-posed for data in for s > Scr- In the 
opposite direction, for p € [3,5), if s e {0,^ - ^), then the equation (11.11) is not locally well-posed 
in Tl^. One example contradicting the continuous dependence on the initial data is as follows: there 
exists a sequence («„) of global smooth solutions of (11.11) such that 

lim u^f')\\w = 0 

n-^oo ^ 

but 

lim \\{Un{t),dtUn{t))\\L^([Qjy<H^) = oo, VT > 0. 

/t—»oo 

The well-posedness part of Theorem II.II can be proved as in the work by Eindblad-SoggeUT], 
by invoking the Strichartz estimate on compact manifold due to Kapitanski[8i|. Eor the special case 
p = 3, the equation (11.11) is even globally well-posed if the regularity index s is sufficiently close to 1, 
for the Euclidean case one can refer to works by Roy ITU. Eor the ill-posedness statement of Theorem 
o one can see Burq-Tzvetkov|5l]. 

In order to overcome such ill-posedness, probabilistic tools have been introduced, by which we 
can construct locally and even globally well-posed solutions to several supercritical equations. This 
approach was first used by BourgainlH |2l to prove the invariance of Gibbs measure, introduced by 
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Lebowitz-Rose-Speer in IfTOll . under the flow of the periodic nonlinear Schrodinger equation or 2D- 
defocusing nonlinear Schrodinger equation. By this invariance, Bourgain obtained that these equa¬ 
tions are almost surely globally well-posed on the support of this measure. On the other hand, by 
randomizing the initial data via its Fourier series and a consideration of invariant measure in r3l@, 
Burq-Tzvetkov proved that the cubic wave equations on the 3D unit ball are locally and globally well- 
posed; they also proved the local and global well-posedness of the cubic wave equation on 3D torus by 
a conservation law argument in lT|. Using the similar argument, Burq-Thomann-Tzvetkov obtained 
the global existence of the cubic wave equation in higher dimension in |41. Recently Oh-Pocovnicu, 
by using the Wiener randomization, proved the quintic wave equation on is almost surely global 
well-posed with the initial data in the homogeneous space H%M?) x with 5 > 5 . 

In this article, we are going to construct solutions to Equation (11.11) . with 3 < p < 5. And we 
obtained that as long as 5 > Equation (11.11) is almost surely globally well-posed. 

Theorem 1.2 (Almost sure global well-posedness). Let s € (^,1). Given {uo,u\) € 'K‘'(T^), let 
(Mq , be the randomization as in ( 12.51 ) under the assumption ( 12.51 ). Then the super-critical wave 
equation (ED is almost surely globally well-posed with {u^, u'^) as the initial data. More precisely, 
there exists a set Q(ug^ui) of probability 1 such that, for every oj e there exists a unique 

solution u (in a bounded ball around zero) to (ED in the class: 

(S(0(Mo,0,5f5(0(Mo’<)) + C(R;‘K'(t3)) c C(R;‘K^CT^)). 

Remark 1.3. We should notice that the lower bound ^ is compatible with the endpoint cases p = 3 
and p = 5. That is to say, when p tends to 3, the minimal regularity required to solve Equation ( li.iP 
becomes the one obtained in f7]| for the case p = 3; and the same for the other endpoint p = 5, see 
ifTdll . But if p - 3 and s = Q, we refer to the f]\for the possible growth of Sobolev norm. 

Remark 1.4. For the corresponding equation on Euclidean space R^, by a similar randomization of 
the initial data via a unit-scale decomposition in frequency space, Luhrmann-Mendelson illi proved 
the solution is globally well-posed for 1 > 5 > ^ > which is an improvement to the classical 

deterministic theory only when |(7 -I- xll3) < p < 5. And recently, they improved this result to 
1 > 5 > by using Oh-Pocovnicu’s ideas in 114ll . 

Remark 1.5. For higher dimension case d > 4, the global infinite energy solution to the cubic wave 
equation was constructed by Burq-Thomann-Tzvetkov\A\, where the conditionally continuous depen¬ 
dence on the initial data is left unknown. But Oh-Pocovnicu succeeded to prove this uniqueness result 
in ifiAll . 
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2. Preliminaries 


2.1. Deterministic Preliminaries. In this section, we recall several classical results about the linear 
equation 


(2.1) 


j (<9? - A)m = / on / X T^ 

y{u,dtu)\t=to ^ 


We say that u solves Equation (12.11) on the time interval I 3 to if u satisfies for t e / the Duhamel 
formula 

uit) = Sit- to){uo, ui) + f , 

Jto V-A 

where S (t) is the free wave propagator defined by 


S{t)(uo,U\) = COS(tV^)Mo + 


sin(t 


Ml. 


We now recall fhe following energy esfimafes for fhe solution u fo Equation (12.11 ). 


Proposition 2.1 (Energy estimates). Suppose u solves Equation (12.11) on I = [0, T]. Then for any 
t e [0, T] we have 

\\{u(t, •), dtu{t, •))||-K* < C(1 + r)(||(Mo, Ml )||^.. + J' \\f{r, Oil//..-! dry 

And also, we use frequently the Strichartz estimate, which indicates the smoothing property of 
wave operator. In order to state this estimate, we first define the concept of ’’wave-admissibility” in 
3D case. 


Definition 2.2. We call a pair (q, r) wave-admissible if 2 < q < oo,2 < r < oo,{q,r) (2, oo), {q, r) 
(cx3,2) and 

1 1 1 
_ + _ < _ 

q r 2 

Proposition 2.3 (Strichartz estimates for wave equation). f9] fS) Let u be the solution to (12.11 ) on any 
time interval 0 e / c [0,1], we have 

II“IIlp(/;L9(T3)) - C{\\iuo, Ui)\\<ps -V ||/|Il<i'(t3))) 

under the assumptions that 

(1) wave admissible condition: both the pairs (p, q) and {a, b) are wave-admissible; 

(2) Scaling invariant condition: 



Indeed, in our case, the Strichartz type estimate we use is mainly for the pair (-^,2p) with regu- 
larity 5=1 and the pair (oo, 2) with 5 = 0. Precisely, what we need is the following estimate 

(2.2) ||(M,5fM)||^o„(;.,^K -I-||m|| ^ < II(mo,mi)II-k‘+ ll/llL'(/'Li) 

for any time interval I containing to with |/| < l.In the following, we denote fo a radial smooth 
function on R.^ such that 0o - 1 on the ball B(0,1) and 0o = 0 out side the ball B{0, 2). Then we recall 
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the following projection operators for any integer N > I 


P<NU = ao+ ^ (f)o{—)(^an cos{n ■ x) + bn sin{n ■ x)j 


provided that u is given by 


n€Z3\|0| 

u = ao + Z Un cos(n ■ x) + b„ sin(n • x). 

ne7?\{0] 


When N = 2^ dL dyadic for some j > 0, we also define the projection operators 

PjU := P<2i^ ~ P<2j-'ti, 

where we have used the convention that P< 2 -i u = 0. Then by the classical Littlewood-Paley theory, 
we have the following characterization of //^-Sobolev spaces 


11 ^. ~ Y^2^J^\\Pju\\ 
,/>o 


We also have the Bernstein’s inequality 


WP^nuWlo < N p iWP^nuWlp, l<p<q<oo. 


2.2. Probabilistic preliminaries. Now let (aj{aj),/3nj{co),ynj{oj))nez^, 7 = 0,1 be a series of indepen¬ 
dent identically distributed real random variables on the probability space (O, Jl, P) with the same 
distribution functions 9. Assume that there exists c > 0 such that 

X +OO 

e^^dOix) < 

00 

Using such a series of random variables, we randomize the data (no, ni) € 'K'', given by their Fourier 
series with all coefficients real 

(2.4) Uj(x) = Uj + {bnj cos(n • x) + Cnj sin(?i • x)), 7 = 0,1, Z* = Z^\{0) 

neZl 

by setting 

(2.5) ufix) - aj{oj)aj -t- ^ (fi„j(co)bnj cos(n ■ x) + yn,j{i^)Cn,j sin(n • x)). 

neZl 


Remark 2.4. This definition induces a Borel probability measure on equipped with its natural 
topology. Furthermore, this probability measure on has many nice properties such as ’’non¬ 
regularization of the data” and ’’non-vanishing on any open set”, which exclude the possibility of 
’’regularizing ejfect” originating from such procedure when applied to PDF. See fUfH /or more 
details. 

We first recall the following probabilistic estimates for any given sequence (cn), which is very 
important in obtaining probabilistic estimates for the random variables (u^, np. 

Proposition 2.5. [3 Let [g „) be a sequence of mean-zero, real-valued random variables and g„ sat¬ 
isfies the assumption (12.31) for any integer n. Then for any P sequence (Cn) and any q >2, there exists 
c > 0 such that 

||^g„(m)c„||i,? < c V^||(c„)||f2. 

By using this estimates, we can prove the following local-in-time probabilistic Strichartz estimates 
by using the ideas used in f5lll61 l[T5ll . 
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Proposition 2.6. f5i||>6 H15ll Let {uq, mi) € be given by the series f l2.4D with all coefficients real 

and (Mq , u^) be randomized as in d2.5D . Assume / = [a, Z?] c K. is a compact time interval. 

(i) If s = 0, then for any given \ < q < oo and 2 < r < oo, there exists C, c > 0 such that 

^2 

^(11*^ (0(^0 ’ “PIlLfL^C/xT^) > Aj < C exp - c —5 - y 

|/|5||(mo,mi)||^o 

(ii) For any given 1 < q < oo,2 < r < oo, there exist C,c > 0 such that 

p(||5(0«,<)IIl.l.(;xt 3) > 2) < Cexp( - c^^ --) 


for {ii.a) s - 0 if r < oo and (ii.b) s > 0 if r - oo. 


By denoting S (t) by 

|V| costflVI) 

(2.6) S{t){uQ, Ml) := sin(t|V|)Mo + — — —mi, 

we state the following proposition, which plays an important role in obtaining the probabilistic a 
priori bound on the the solution to Equation (I3.2I ). 


Proposition 2.7. Let {uq,u\) € 'K''(T^) be given by the series d2.4l) with all coefficients real and 
(Mq , u‘^) be randomized as in d2.5l) . And let T >0 and S*{t) = S it) or S (t). Then for 2 < r < oo, we 
have 


(2.7) ¥(\\S *(0(M^, Mp||i~i.([o,r]xT3) > 2) < C exp ( - : 


2 ^ 


max(l,r2)||(Mo,Mi: 


11 ^. 


for any e > 0, where the constants C and c depend only on r and e. 


The proof of Proposition I2.7l runs the same as what T.Oh and O. Pocovnicu did in lfT4l . However, 
by viewing {dtY = (V)'^ when acting on e'^'^^^UQ, we can prove Proposition 12.71 by the trick of loss 
of derivatives in space-time. See [3| for more details. 


3. Probabilistic Analysis of NEW 


We first look at the truncated equation 

I ( d ^ - A)Ma? -I- \ UNf~^UN = 0 

y{uN,dtUN) - {P<NUo,P<f^Ui). 

As the initial data {P<nUo, P<nUi) is smooth for any data {uq,u\) € 91 f Equation 13.11 has global 
smooth solution. In order to study the contributions of the high-frequency portion of the initial data, 
we rewrite Equation [3T] as 


({d^ - A)vn + |va -I- znI^ kvA + Za) = 0 

I (va, dtVN) = (0,0), 


where zn = S{t){P<NUo, P<nUi) is the free wave propagation of {P<nuo, P<f^ui). Then we have 

Proposition 3.1. Let s e (^ry^ 1) A > 1 dyadic. Given T,s > 0, there exists ^n,t,s ^ ^ such that 

(i) 
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(ii) There exists a finite constant C(r, e, ||(mo, mi)II-hO> independent of N, such that the following 
energy bound holds 

(3.3) sup ||(v"(0, dtv%it)\\^. < C{T, e, ||(uo, mi)II-wO 

?€[ 0 ,r] 

for any solutions vfj to (13.21) with oj € 

Remark 3.2. Indeed, we can even choose the set Clf^ T,s independent of N, which is just a careful 
application of DroDositions \2^ and \2 . 71 


Proof We argue in the same way as Oh-Pocovnicu did in llT4l . First observe that 

||v^||i ,2 < c||v^||^+i < cE{v%)~^. 

Now if we have 


(3.4) 


sup E{v%) < C 
(e[0,r] 


then we would have 

sup \\{v%{t),dtV%{t)\L^ < (C + CFfT). 

(€[ 0 ,r] 

Consequently, we only need to prove (13.41) . 

As above ZN{t) = S (t){P<NUo, P<nUi) and {V}zn - dtZN- Let d > 0 sufficiently small such that 
+ 6 < s. For fixed T, e > 0 we define Qn,t,e by 




■N>>L^L‘ 


P+1 + lkA?ll 4(p+l) 
LTL~^ 


+ IKV>^- 


-N 


< 4) 


where A = dfr, £, ||(mo, mi)II-hO > 0 is chosen such fhaf P(Q^j,^) < e. The exisfence of is 

guaranfeed by Lemma IThI and Lemma (I2.7I) . 

In fhe following, we are going fo prove 


(3.5) 


sup Eiv%it)) < C(r,e,||(Mo,Mi)ll-KO 
f€[o,r] 


for to € CIn t^e- In the following of this section, we suppress the index N for the solution to 
Equation (13.21 ). Thus to achieve the energy bound (13.51) . we differentiate the expression of the energy 
and obtain 


d 

-Eiyfit) 

dt 


f dtv(dfv - Av + |v|^ ^v)dx 

Jt3 

-f 

Jt- 


(9fv(|v + zf \v + z) - \vf’ ^v)dx 


■ f dfv(p|vr'z + p(p - l)|v + 0zrV)dx 

Jt3 


where in the last equality we have used differential mean value equality with be [0,1]. By integrating 
in time, we have 


E(v)(t) 


E(v)(0) - f f dtv(t')[pz(t')lv(t')l^ ^ +p(p- l)|v(f') + dz(t')l^ ^z(t'f]dt'dx 

Jo Jt3 

n z{t')dtWvf’^^v{t'y\dt'dx - f f dtv{t')p{p - l)|v(t') + Qzitfif^^zit'f'dt'dx 

Jo Jt3 


I{t) + Il{t). 
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Noticing that 


||v + ez\P-^z^\ < c{\v\P-^z^ + \zn 

where c is a constant depending only on p, we have 


\II{t)\ < f||5M?')llL2l|v(t')lC"lklp4,pO)(f')+ {\\dtv{t')\y\W)tP,^dt' 

Jo L~^ Jo 


< (1+lkll 4(„-0) ) 

L“L 5-P 
3p-3 


r' 3(p-i) 

I max {E{v){t ),E{v) 20>+') )dt 
Jo 




Thus thanks to p < 5, we have that < 1. And hence we only need to consider 


(3.6) 


i//(t)i < (1 + ikir 4 (p41)) E{vW)dt'+ \\z\\ 


LTL 5-p 


/' 


||2p 

ll^4p^2p- 


Now, we are going to deal with the term l{t). As v(0) = 0 and v = is smooth, both in t and x, 
integrating by parts, we have 

(3.7) l{t) = - f z(t)\v\P + f f dtz(t')lv(t')lPdt'dx /i(0 + h(0- 

Jt3 Jt3 Jo 


As for the first term /l(^)^ we have 


(3.8) 


|/i(OI < a||v(OII^+\ P\\z{t)\f/J^ < aE(y){f) + a ^Ikll^’lL+i, 


LP+l 


rP+l’ 


where a is a small constant, to be chosen later. 

To bound the term hit), we need the following lemma: 


Lemma 3.3. Let v, z as above, we have 

I r |vriv<V>zJx| < (|KV>^-z||i~ + 1)£(V)(0 + |KV>-'-z||^:i 

Jt3 

where s— \= s — 6for any sufficiently small, positive 6. 


Proof of Lemma [01 Denote Pj the Littlewood-Paley projection onto the dyadic 2^ for j € N'*'. Then 
we have 



v(V)zdx ~ 



v)Pj{{V)z)dx. 


Notice that the contribution of the summation over k = -1,0,1 can be bounded by that of the case 
A: = 0, so in the following we will omit the summatin over the index k and sometimes omit the index 
k directly. 

For the low frequency case j < 2, we have 


|^^F,+,(|vr^)P/(V>2)Jx| < IKV>^-z||l»||v||;;„,,. 


A further application of Young’s or Holder inequality, we have 


(3.9) 


II y r Pjvk(\vr\)Pjmz)\\ < ikv>^-2||^:' + Emy 

^ Jt3 
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For the high frequency portion j > 2, we split the nonlinear part Pj{\v\P~^v) into the small value 
part and large value part. Precisely, we introduce a bump function : R"*" ^ [0,1], which takes its 
value 1 on [0,1] and vanishes outside [0,2], then we split 

2 2 

Pj{\vr\) = Pj{^vr\xC^)) + Pj(}vr\{i -xC^)) =■ hi + hi. 


where Aj is a sequence of numbers to be chosen later. 

For small values of v, by Holder inequality and Bernstein type estimates, we can do the following 
calculations 


I r Pj{\vrhx)Pjmz)dx\ = 

Jt3 


< 

< 

< 

< 


I r P/|vr'vqr)V-V-ip/<V>z)r/x| 

Jt3 

I r vPj{\vr\x)^~'Pjmz)dx\ 

Jt3 

2 - 2 (-)|Kv>^- 2 ||^^H|/’/V(|vr-'vqr))ILi 

2-2(-)|Kv>-2||^^H|v^-^Vv;y|li, 

V \ 1 P+A P+1 

2-x^-)|Kv>-2||i~|||vr^-^;y||LrllVv|li2|||v|^||^2 


To guarantee the convergence of the series Tjj> 2 ^ , we choose Aj = 2“-^ with a e (0, 

And in this case, we have 


(3.10) 



vx)Pjmz)dx\ < IKV>^- 2 ||i~£(v )(0 


provided that the Sobolev regularity index s is positive. 

For the case v is large, we first consider the case [p] is odd. By denoting a = p - [p], we do the 
following calculations 


I r PX|vriv(l-;y))P/<V>z)r/x| < | f Pj( Y n^|->,-,vP,(v|vr(l-qr)))P/<V>2)r/x| 

Jt3 Jt3 . . 




< IIPj<yy-zllLTY^-^"-^^ ||ng-'p,-,vPv(v|vr(x-;y)) 




< Mj + Nj 


where 


and 


Mj := ||P,<V>^-2||i~2^(i-(^-» Yj 

jl>max(j 2 ,...,j[p]-i,v) 


U^Si'Pj.vPv{v\vnx-x)) 


Nj ■- I|P;<V>^-2||l~2^'(1-(^-» 2] \\u\P\-^PjxPyv\vr(x-x)) 


v>maxOi,...J[p]_i) 
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(1) To control Mf. observe that if j » ji, we should have that Mj = 0. And hence, we have 

2] My < 2] 2] ||^g-Vy.vP,(v|vr(v-;^r))||^, 


jl>v 


2] l|/’;<V>^-2||Lr2^'('-(^-» 2] ||Py,v|| P^||ng-Vy,v|| ^\\PAv\vr{l - X)\\ |±i 


jl>v 

jl+[p]>j 


^ 2 ] l|/’i<V>^- 2 ||L? 2 ^'(i-^^-» 2 ] 


i,v|| 


ji+[p]>j 




£A 

I P-1 II,,IIP 


n+[p]s; 


ii y\\^pi\\y\\ p+i 


2 2 

^ y ii^i<v>^-2iiLr2^’('-(-» y 2-^?^iiPy,vviiyiiviry 


ii+[p]s; 


< y IKV>^- 2 ||L~ 2 ^'(i-^^-» 2 -^'<i^->£(v). 

>2 

Consequently, the last series converges provided 

. P-2 


And in this case, we have 

(3.11) yMy<|KV>^-2||L~£(v)(0. 

y>2 

(2) To control Ay: the same observation as in controlling My allows us to only need to deal with 
the case v + [p] > j. Then 

Z^2 - yii/’,<v>^-2iiLr22(i-(-)) y \\ii^\-'pj.vPviv\vnx-x))\l, 

i>2 j>2 y>ji,-,Ap]-i 

vHp]>j 

= y\\Pj(^y~z\\L-2}^^-^'-^^ y iiPv(vivr(i-qr))ii flintyPy.vii 

L2+a ^ J LpJ-1 

y>2 v>yi,-,Ap]-i ^ 

v+[p]>; 

< y ikv)^-2iil~22(i-(-)) y iiPv(vivr(i-qr))iiy^,jip,(vivr(i-qr))iiyjiviiy- 

j>2 v+[p]>j 

2 2(1+0') 

../^x . ./V.. .. „P ;rn“ 


< yiKv>^-2iL~22(i-(-)) y iiPv(vivr(i-;r))ir-yjivirr‘ 

j>2 vHp]>j lT^ 

2 2 _ 2 ( 1 +a) 

< y IKV>^-2 ||l~22(i-(-» y 2(-''FTA||VP,(v|vr(l-;y))|iy„,,J|v|r“ 

• /% , r 1-,. • T P+i.+2a 


v+[p]>j 


VP,(v|vr(l -;y)) ~ Vvivr, 


Since 



we have that 


2 2 2(l+a) 

j >2 j>2 v+[p]>j Lf™ 


< 


j. 2 (H-a) 


>2 


v+[p]>i 


p+i II ii,p+i 

r O’ 


< 2 2 ] 2^-^^^^^E{v). 

j>2 v+[p]>7 

Thus the last series converges provided that 

p-3 


s > 


And in this case we have 


(3.12) 


p- I' 

< IKV>^-z|L~£(v)(0. 

,/>2 


For the case [p] is even, we should replace the expression F/|v|f 'v) = ^ ^ Pjp’Py{v\vf)) 

in the case that [p] is odd by the expression Pj{\v\P~^v) = Z F;(n|^|~^Fj.vFv(v|v|and do the 
same calculations as above with some different Holder indices. 

Now, in our situation, it is only left to prove the case a = 0, which is just the case p = 4. Indeed, 
this case is much easier to check. 

By collecting the bounds (13.91) . (13.101) . (13.1 II) and (13.121) . we can close the proof of Lemma [331 ■ 


As a consequence of Lemma 1331 by the fact that dtziO = (V)2, we have 

(3.13) I/ 2 I < r IKV>^-z||i»(T)^^kl + \\(Vr-z\\L7(t'))E{v){t')dt'. 

Jo 

Finally, by collecting the estimates (13.61) . (13.81) and (13.131) together, with a sufficiently small, and 
using Gronwall’s lemma, one can finish fhe proof of Proposition 13. II ■ 


4. Deterministic analysis of NLW 

Using energy and Sfricharfz esfimafes, we can esfablish fhe following lemma, which is fhe key 
deferminisfic sfep in consfrucfing solutions for fhe equation (11.11 ). 

Lemma 4.1, Given any p € (3,5), for the wave equation 

|(5?-A)v + |v + /r'(v + /)-0, 

I (v,<9fv)|f=f(, = (vo, vi) e‘K^(T^), 

there exists t* > 0, such that the equation (14.11) has a unique solution in ^C([foUo + 

2p 

(/; X C([to, to + t*];2.^) -■ under the condition that 
(4.2) ll/ll 2p <2:tf. 

([toao+hUf) 

where f is some positive number. 

Remark 4.2. Due to the fact that p is strictly less than 5, we do not need to prove Lemma W^ via the 
stability theory for the critical NLW as Pocovnicu did in II15L 
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Proof. We use fixed point argument on the closed ball B(0, R) <z X for some to-be-selected radius R. 
We define the map L on B(0, R) in the way 

L: V e B{0,R) —> u 


where u solves the equation 


{d^-X)u + \v + fr\v + f) = 0, 
{v,d,v)\t=tQ ^ (vo,vi). 


The estimates for n, v € B{0,R) 


\\Lv\\x < ll(vo,vi)||.^i-I-f 


2 p 

Lptf 


+ 


II 2p ) 

j2p 

Lit 


together with 


< ll(vo,vi)||^i-I-f 


||Ln-Lv||x < t/\\u-v\\x{]\uf-^ 


5-p 


2p 

2p 

Lit L'X 


+ 


KPtf), 


+ 


iiP-i 


iri 


j2p 


L L' 


< 4MIm-v||z(||m|Ix ^ + 
indicate that the map L is a contraction map onto B{0, R), provided that 

R = 2||(vo,vi)||.^i 


f 1 


(4.3) 


Ll , 

tf RP-^ « 1 
RPtf « R 

« 1 . 


All of these conditions can be guaranteed by selecting f* = c(||(vo, vi)||.^i + K) with y positive for 
some sufficiently small c > 0. This finishes the proof by the Banach contraction mapping principle. 


Now we are going to construct solutions to Equation (11.11) . By denoting v := u - f with / = 
S{t){uQ, Ml), then v satisfies the following zero-initial data problem 

|(5?-A)v + |v + /r'(v + /)-0 

|(v,5(v)|f=o = (0,0) 

The following deterministic result, allows us to draw an a priori energy bound for solution v to 
(14.41 ) with f = S uf) from that to solution to the truncated equation (13.21 ). 

Proposition 4.3. Let fy '■= P<Nf denote the projection onto the first N-Fourier modes of the given 
function f and vjx be the solution to the truncated wave equation ( 13.21) . Given finite T > 0, assume 
the following conditions hold: 

(i) There exists K > Ofor some (i > 0 such that 
(4.5) ll/ll ^ < K\lf 


for any compact interval I c [0, T\ 
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(ii) For each dyadic N > \, a solution vj^ to (Hal) exists on [ 0 , T] and satisfies uniform a priori 
energy bound 

(4.6) sup sup ||(VAr(0,5;VA?(0l|.K‘(T3) < CoC^) < oo. 

N /E[o,r] 

(Hi) There holds for any dyadic > 1 and some a > 0 


(4.7) \\f-fN\\ 2r <CfT)N-F 

Then there exists a unique solution (v, dtv) € C([0, T]; “/-('(T^)) to (14.41 ) satisfying 


(4.8) sup ||(v( 0 , 5 (V( 0 )ll-H‘(T 3 ) < 2Co(r) < oo. 

fe[ 0 ,r] 


Proof To prove Proposition 14.31 we need the following lemma, which states that we can solve simul¬ 
taneously, on some time interval [to, t*] for any to ^ [ 0 , T), the following two equations 


(4.9) 
and 

(4.10) 


I (^f “ + /w) - 0 

|(vA?,5jVA?)|f=(o = (vA?(to), 5fVA?(to)) 

i{^^-^)v + \f + vr\f + v) = 0 

|(v,5(v)|j=;o = (v(to),5fV(to)). 


Lemma 4.4. Assume there hold (14.5I) . (14.6I) . (14.71) . Assume also there holds for any to e [0, T) 


(4.11) sup ||(v,5fv)||,^i < 2Co(r) < oo, 

(£[0,fo] 

where Cq{T) is the same constant showing its face in (1431) . Then there exist a sufficiently large Ni 
and a positive time t* = tfiCo,K,Ni) > 0 such that, for all N > N\, on the time interval I = 
[to, to -I-1*], we can solve simultaneously the equations (1391) and (14.101) and denote these solutions as 
vn, V respectively. Moreover, we have 

(4.12) tj'diviri +\\VN\rl +ii/iri +ii/iviri )«i, 

J j2p J ^ j2p J ^ j2p J J 2p 

^x ^x 


for all N > N\. 


Proof of Lemma l?~?l We also use the fixed point argument as we did in the proof of Lemma l4~T] 
Thus, we only outline the mains steps here. Define fhe maps L\ on B{0,R\) c X and L 2 on B( 0 ,/? 2 ) 
respectively as: 

L \ : ma? e 1—> va? 

Lj '■ u e B(0, R 2 ) I—> V, 


where v^ and v solves respecfively fhe equafions 

I (^? “ ^)VN + \un + /wl^ + fN) = 0 

|(vA?,5iVA?)|f=fo ^ (vA?(to), 5;VA?(to)) 


|(52-A)v + |/ + ur'(/ + u )-0 

|(v,5fV)|j=;o = (v(to),5;V(to)). 
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and 




By (14.51 ) and (14.71) . we have 

||/;vll i. < K\if + Ci(rw-“. 

LpLf 

In order for Li and L 2 to be contracting maps onto and B(0,/? 2 ) respectively, we do the same 

calculations as we did in Lemma l4~4l And finally we can assume 

Ri=2Co{T) 

i-p I 

«1 

(4.13) 5 ^ 

t,- + iVn «/?i 

, « 1 . 


and 


(4.14) 


'Ri=2Cq{T) 

5-p 

tT' «1 

RPfP « R2 

/^Rp-hr ^« 1 . 


Thus there exists sufficiently large Ni = Ai(A', Co(r)) such that, for all N > Ni, by choosing U = 
c{R + Co{T))~'>' with c and 7 small positive constants, we guarantee these two assumptions hold true 
at the same time. By choosing t* even smaller if necessary, we can validate the estimate (14.121) . ■ 


As a consequence of Lemma l4~4l we have for the difference = v-VAron fhe fime inferval 
7 - [to, to + L]: 

(4.15) + IIwa^II jj, < C 2 ||>VA?(fo)ll-H‘+ 2p + 7;\\f -/nW 1p ■ 

I j j 2 p Z j f'2-P Z 7 j 2p 

^x 

Thus we have 


(4.16) \\WN\\Lr<H^ + llwwII al < C3(r)(||>Vyv(fo)llwi + 


forallA> Ai. 

Now we begin fo solve Equation (14.41) wifh to = 0- As ||(v, 5fV)||.^i(0) = 0 < 2Cq{T), we can solve 
simulfaneously fhe equafions (14.91 ) and (14.101) on fhe fime inferval /q = [0, f*], where t* is obfained in 
Lemma |4j4] and if depends only on Cq{T) and R. Furfhermore, by (14.151) and (14.161) . we have for all 
N>Ni 


(4.17) 


and hence 
(4.18) 


5-p 


T -1 

2p 

r T^P 


+ 


lP-1 

2 p 


ir-i 


+ wfNirl 


)« 1 . 


fip 


+ ll^wll 2 p ^ C'2IIm^/v(0)II-h‘+ fII^wII al +fII/~/a'II al 

7o J ~ f2p Z J t'^P Z J J 2p 


J P-^ 


J P-^ T 


J P-^ J 


WwnWltr' + ll>^wll AL < C3(r)A-“ 
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Thus we have 
(4.19) 












Therefore, by (14.191) and (14.61 ). there exists N 2 - N 2 {T) > Ni such that 

(4.20) ||(v, < Co{T) + TC2{T)N-^ < 2Co{T) 

'0 

for all N > N 2 - 

This last bound (14.201) allows us to apply Lemma l4~4l again with to = f*. And by denoting I\ = 
[L,2 l], we have 

i?(iiviri +iiv;viri +ii/iri +ii/iviri )«i- 

I ~F^ j2p J ~F^ j2p J jlp J J2p 

h ' '1 ^ h ^ h ^ 

Similar argument as we did on Iq, there exists A 3 = N${T) > N 2 such that 

(4.21) ||(v, < Co{T) + rc 3 (r)(C 3 (r) + i)a-“ < 2Co(r) 

'1 

for all A > A 3 . Notice that the bound (14.211 ) together with (14.201) allows us to use Lemma |4~41 again. 

Iterate the above procedure, we can extend the solution v onto the whole interval [0, T]. Moreover, 
there exists Aq = No{T, L) € N such that 

sup ||(v,5fv)||^i < Co(r) + T{C 3 {T) + 1)[S]a-“ < 2Co{T) 

telOJ] 

for all A > Aq. Hence we have that the solution v to Equation (14.41) satisfies the energy bound (14.81) 
on[ 0 , rj. ■ 


5. Almost surely global well-posedness 

The following proposition can finish the proof of Theorem I L2[ see fTl and llTSi for details. 

Proposition 5.1 (Almost sure global well-posedness). Given s € (^, 1), for any data (uq, ui) € 
let (Mq , uf) be the randomization defined in ( 12.51) under the assumption ( 12.51) . Then given any T,s > 0, 
there exists ClT,e such that 

(i) P(n 5 ._^) < £, 

(ii) For any co € Q.t,e, there exists a unique solution u‘^ to Equation ( li.il) with (u",5 /m")|(=o = 
(Mq , Mp in the class: 

(S(?)(«",<),5,5(0«,O) + C([0, r];‘KkT^)) c C([0,r];‘K"(T3)). 

( Hi ) For any co e TIj e, the following probabilistic energy bound holds for the nonlinear part v‘^ of 
the solution u‘^: 

sup ||(v",5,v")||.h‘(t 3) < C(r,e,||(Mo,Mi)ll-K-(T3))- 
?e[ 0 ,r] 

Proof We also argue in the same way as in lfT4l . We first construct a set Oi, over which the as¬ 
sumption {Hi) in Proposition 14.31 holds for all dyadic A. As usual, z" = S{t){u‘^,uf) and z" = 
P<nS {t){uQ, up. Taking a € (0, s), set 

M ^ M(r,e,||(Mo,Mi)ll-H“) ~ r^(log ^)"||(mo,mi)II-H‘'- 

Then denote 

Hi :-Qi(r,e):={mea:|KV>“z"^|| 2^ <M}. 


P(Qp < |. 


By Lemma [2?^ (ii) that 
(5.1) 
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Moreover, for each w e Qi, we have for any N > \ 

(5.2) \\z‘^-z%\\ 2 , <N~‘^/^\\(Vrz‘^\\ 2 , 

L ^ l}'’ L l}’’ 

Next, we are going to construct another subset 02 over which the assumption {ii) in Propo¬ 
sition |53] holds for all dyadic N. Given any dyadic M > 1, apply Proposition 13.11 we can construct 
0 . 2 {N) ^n,t,e with 

(5.3) P(O^) < I 
such that 


(5.4) sup ||(v;;;(0, < Co(r, £, IKuo, ui)\\^s) < oo 

fetO.T] 


for each m e Q. 2 {N). The main point here is that the constant Cq = Co(r,e, ||(mo,mi)||-hO can be 
chosen independent of N. 

Lastly, fix .S' = ||(mo, mi)||-^o and IfS = ^ in the following. Let L > 0 be a small number and be 
chosen later. By writing [0, T] = with 4 - [^L, (k + 1)L] n [0, T], define O 3 by 


(5.5) 


O3 U ^ ^ • Ill'll ^ ^ 


k=0 




Then by Lemma l24l with |4I < L, we have 


[TH, 


m) 5 Z s «p( - ^)- 


k=0 




By taking L even smaller if necessary, we have 


P(Op < -L exp ( - = r exp ( - 

'* 2j2f 2p 11 


Hence, by choosing 4 = U{T,e) sufficiently small, we have 

(5.6) P(Op < |. 

Let O^g := Oi n O2(4o) n O 3 , where No is to be chosen later. Then from (15.11) . (15.31) and (15.61) . we 
have that 

P( 05 .^^) < £. 

By choosing No - No{T, e, ||(mo» mi)II-hO ^ T by Proposition 14.31 we have that there exists a solution 
to Equation (14.41) on [0, T] for each o) € Q.t,s- Hence for o) € there exists a solution = 
z‘^ + v'^ to Equation (11.11) on [0, T]. Moreover, there holds the estimate: 


sup ||(v"( 0 , 4 v"( 0 )II-k‘(t 3 ) < 2Co(r,e,||(Mo,Mi)ll-HqT3)) < 

/eto.r] 


for each co e Q. 
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